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Algebra Qualifying Exam Summer 2014

Instructions : Complete seven of the following problems. Start a new page for each problem.

1. (a) What is the center of a group?

(b) What is the centralizer of an element of a group?

(c) State the class equation for a finite group.

(d) Let G be a finite group of order pr > 1, where p is a prime. Show that the center
of G is nontrivial.

2. (a) If G is a finite group and p is a prime dividing the order of G, what is a Sylow
p-subgroup of G?

(b) State the three Sylow theorems.

(c) What is a simple group?

(d) Show that there is no simple group of order 56.

3. (a) In the context of commutative rings, what is an integral domain?

(b) Define the following terms: unit, irreducible element, prime element.

(c) Show that in an integral domain, every prime element is irreducible.

(d) Give an example of an element in Z[
√
−5] that is irreducible, but not prime, and

then prove your claim.

4. Consider the matrix

A =





3 0 0
0 4 −1
0 1 2



 .

(a) Find the rational canonical form of A.

(b) Find the Jordan canonical form of A.

(c) Find a diagonalizable matrix D and a nilpotent matrix N such that A = D + N
and DN = ND.

5. (a) In the context of algebraic field extensions, define the following terms: separable
extension, normal extension, Galois extension.

(b) What is the Galois group of an algebraic extension E/F ?

(c) Show that the Galois group of the splitting field of the polynomial f(x) = x3 − 2
over Q is isomorphic to the symmetric group S3.

(d) Find the intermediate fields of the field extension from part (c).



6. (a) What does it mean for a polynomial to be solvable by radicals in terms of field
extensions?

(b) What is a solvable group?

(c) What is the content of Galois’ solvability theorem?

(d) Explain why the general quintic polynomial (over a field in characteristic zero) is
not solvable by radicals.

7. (a) What is a simple R-module? (Here and in the following: module = left module.)

(b) Provide three equivalent characterizations of a semisimple R-module.

(c) What is a semisimple ring?

(d) What is the content of Wedderburn’s structure theorem?

(e) Describe the simple left ideals of the matrix ring Mn(C).

8. (a) If V is a simple R-module, show that EndR(V ) is a division ring.

(b) Let R be a ring containing C as a subring and let V be a simple R-module that
is finite-dimensional as a C-vector space. Show that EndR(V ) ∼= C. Hint : If
ϕ ∈ EndR(V ), show that ϕ is of the form ϕ = λ IdV for some λ ∈ C.

(c) What is the content of Maschke’s theorem?

(d) In light of Wedderburn’s theorem, what are the irreducible representations of a
finite group G (up to isomorphism)?


