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Outline: focus on Hermite polynomials.
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Hermite functions and the harmonic oscillator
» Define hy(x), hn(x) as repeated derivatives of e e’
)= Tabl e [D[Exp[x”~2], {x, n}], {n, O, 5}] // Factor

oursl= {e, 2 x, 2 (1+2x2), 4e¥x (3+2x2), 4 (3+12x%+4x*), 8 x (156 +20x2+4x%)}
7= Tabl e [D[Exp[-x"2], {X, n}], {n, 0, 5}] // Factor

our {e, ~2eXx, 2% (-1+2x%), ~4eX x (-3+2x2), 4> (3-12x2+4x%), -8eX x (15-20x2+4x*)}

» Eigenfunctions of harmonic oscillator § = —D2 + x2 — 1

e Th(x) ifn>0
e hn_1(x) ifn<o0

T/Jn:

» Formal spectrum: 0v, = 2n,, N € Z

1= Join[Table[Exp[-x*/ 2] D[Bxp[xA2], {x, n}], {n, 3, 0, -1}], Table[(-1)" Exp[x®/ 2] D[Bxp[-xn2], (=, n}], {(n,
Pactor

-D[#, %, x] + (xA2-1) &

Map[ &, !«] // Pactor

outill= {4e7 x [3+2x), 2e7 (1+2x"), 2e7 x, €2, e 2,2e 2 x, 2e 2 (-1+2x"), 2e 2 x|-3+2x%))

» Maya diagram: L2 eigenfunctions correspond to o asymptotics.

Nlee =543 | O] [ [2]3 [H|eelo
X XX XX |00 0 0|0t
Nleealgol s F4l-2l 2141 618 sy




Ladder operators

> Hermite differential equation: (= 4+ 2n)h, = 0, where

X2

r=—e%0e"% = D2 - 2xD,
» Lowering/Raising operators: a« = Dy, 5 = e"ZDXe*"2 =D, —2x
» Factorizations: 7 = Ba, 7 —2=af.
» Intertwining relations: ar = (7 — 2)a, 78 = (7 — 2).
» Consequence: ah, = 2nh,_1, Bhyp = —hpi4.
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We have the following fundamental result of von Neumann (for a proof see
e.g., Riesz-Sz.-Nagy [26], Kato [27], Reed-Simon [22]).

THEOREM 1. Let A be a (densely defined) closed linear operator from a
Hilbert space 3, to a Hilbert space 3, Then A*A, defined naturally, is a
(densely defined) positive, self-adjoint operator in ¥,. Moreover

D(A) = Q(A*A) = D((A*A)"?)
where Q(A*A) is the form domain of A*A. O
We prove the following theorem

THEOREM 2 (Commutation). Let %, and ¥, be two Hilbert spaces. Sup-
pose that

(i) A is a bounded, linear operator from ¥, to ¥, and that B is a bounded
linear operator from %, to ¥,
or that

(ii) A is a (densely defined) closed linear operator from ¥, to ¥, and that
B = A*
Let S = ABandlet T = BA, defined everywhere on ¥, &, respectively in case
(i), and defined naturally (as self-adjoint operators) in case (ii).

Then the spectra of S and T are identical away from zero. Moreover, if
=\ # 0 is an eigenvalue of S (respectively T) then —\ is an eigenvalue of T
(respectively S) and B (respectively A) is a surjection of N(S + \) (respectively
N(T + \)) onto N(T + \) (respectively N(S + X)). In particular N(T + \) and
N(S + \) have the same dimension.



Classical Hermite Polynomials: spectral theory
» Hermite diffeq: (7 + 2n)h, = 0, where 7 = feéaefé = D? — 2xDy

> Reformulate as SLP: (—e—xzy’)/ =xe~ Xy, x € (00, 00)
Note: limit point, so no need for boundary conditions.

» Orthogonality of eigenpolynomials wrt W(x) = e, xeR

» Extend — to unbounded self-adjoint T on H = L?(R, W)

Dom(T)={feH: f € AC,,, 7f € H}

» Proposition: o(T) = {2n: ne Ny}
Operator spectrum recovered from formal spectrum; i.e., no
“exotic”, non-polynomial eigenfunctions

» Proof. Extend lowering operator o = Dy to closed, densely
defined A with left-definite domain. Observe that T = A*A and
that all eigenfunctions are in D(A).

» By inspection, T > 0 and 2Ny C o(T).
Almost isospectral o(T +2) = o(T) \ {0}

> Note: this gives a spectral-theoretic proof of the completeness of
the Hermite polynomials in #.

v



Exceptional Hermite polynomials: formal theory

» Exceptional OP: eigenpolynomials of a 2nd order SLP
Allow a finite number of missing “exceptional” degrees.

» Exceptional Hermite polynomials: missing degrees K = {ki,...,kn}
Partition Nth triangular number into N distinct parts.

1
k1+"'+kN:§N(N+1)/2, 0<ki<-<hky

nk = Cx Wrlhy,, - .., hi,] = 2VxN + lower degree terms
hK,n = CK,n \/\/I’[hk1 s hkN7 hn] =2"x"+ ldt., n ¢ K,n>0

_2 hep
7 ng K, n>0

. . . €
> Exceptional Hermite functions: vk n = ¢ 27 ™ _
T 7’;&”, otherwise

» Darboux-Crum formula: fx = —Dyx + x% + 2N — 1 — 2D, log ik
> Preserves formal spectrum: 0y n = 2Nk n, N € Z.

2

x2 _X= ’ " ’
> X-operator: 7« = —(e7 nk)0x &2 = Dyx — 2xDy — 27Dy + (”]K—K + QX%K)

K

» Exceptional hermite diffeq: (7 +2n)hx, =0, n¢ K, n> 0.



Example
» Missing degrees: 6 =0+ 1+5
> K = ”ﬁwr[ho, h1,h5] = 8X3 —12x
» Exceptional operator and Hermite functions:

In[91]:= H[$tau, £[x]] // Map[Factor, #] &
Tab1e[Exp[-x2/2] Bh[$K, n] / $tau, {n, -2, 6}] // Factor

H[$tau, =]
Map| —m—mM8M8M8— &, %] // Factor
#

. _ 6 (3+ax!) £[x]
outo1]= (5 +x*) £[x] + ——————— - £"[x]
) x‘{‘73+2x‘]"

o
o

x x R .
ez x* [-21+4x')] 2e7 (3-18x*-12x'+8x")
Out[92]= Bl . . 2
wtsai= “3i2%? x(-3+2x)
ez x? (-5+2x%) ez [3-12x%+4x%) 24e Z (-1+2x%) 192 2 x%
5(-3+2%*) " 16x(-3+2x) x(-3+2%3) “342x2
96e 2z (3+4x') e T 480e 2 (9+18x?-12x" +8x°)

wf-3c2x?) 320k (-3e2x7)] x(-3+2x%)

out[93)= {-4, -2, 0, 2, 4, 6, 8, 10, 12}

n|ee [543 2-1|O] 1|23 Hl 5| &[]
» Formal spectrum ~|[X| ¥ x| x|x[o]o} o 0 O}D 1 Clussiay
. e XX (XX XK (X ]O ol o x|lo Al oed.
Maya diagram o108 642 O 1 4] 6] &l e ﬁm




Example
» Missing degrees: 10=0+1+4+5
> Kk = 1o55 Wrlho, 1, ha, hs] = 16x* + 12
» Exceptional operator and Hermite functions:

in[180):= H[$tau, £[x]] // Map[Factor, #] &
‘Table[EXp[—xz/z] hh[$K, n] / $tau, {n, -2, 6}] // Factor

H[$tau, #]
Map[— &, x] /7 Facter
#
Out[180])=
‘ N 323 (-3 +2x?) (3+2x%) £[x]
(7+%%) £[x] + L - £7[x]
' (3+4x4)?
Out[181]=
1223509}%)(\]63»84:(:»4Bx5»16xﬁ) 61440@%‘\]15»60:::»162:5»162(5)
3edxt : 3e4xt ’
Zﬁ4e%x§15—10x1—4x"—8x6) 320@%\]9-18}(1—12}(4—82(6)
3+4xd ' 3+dx!
14745509'%{1;2;&) 29491209'%‘&;3‘23&) 150.:?‘;(‘;73‘2;8)
3eaxt ! 3eaxt ’ 3.4xt !
459%‘-;71‘2:8] 29491200973%w]}S&LEx:tle"tﬁxs)y
3.axt : 3eaxt !
Out[182]=
{-4, -2, 0,2,4,6,8, 10, 12}
oo =543 | -1 O] (|23 H| 5| &[]
s Yl b
» Formal spectrum x| x| x| x|x[0]0] o] o[e7T 010 "t Clukstuls
. e XX XX XK [X O oKX | X |jo ’
Maya diagram 3 =t
a0 -8|-6-4|-2 O\ 14| 6| &|fo|ja e




Darboux transformations: formal theory

v

Starting point: Schrodinger operator and seed eigenfunction.
0 = —Dxx + U(x), H¢ = ep.
Factorization: § = a'a + ¢ where
a=-Dy+w(x), of =Dy+w(x), w=d¢/p, w+w?=U-—c.

Partner operator: 6 = aal + e =0 — 2w'.
Intertwining relations: o = ab
Intertwiner: o : ker(6 — A) =: Ex(A) — Ex(0)

o~

06 =Xp, d:=ap = 0p=~0ap=abp=Ao.



Factorization chains: Darboux-Crum formula

» Starting operator 6 = — Dy, + U(x)
Seed eigenfunctions ¢4, ..., ¢n S.t. 0¢; = €;¢;.

» Dressing chain: 6 = 0y — 61 — --- — 0y with
i = 0o — 2Dxx logni, 1i = Wr[p1,..., di].
> Factorization chain: 6, 1 = ala; + ¢, i = ajal + ¢, i=1,...

noom
aj=—Dy+wi(x), w=-"t--=1
ni - Mi-1

» Intertwining relations: 0,&; = &6y where &; = «; - - - a4 with

£ Wr[(b'l;"'a(bl'af]
alf_i Wr[¢1a"'7¢f] )



Hermite factorization chains

> Fix partition of N, indices ki < --- < Ky. Set n; = Wr[Hy,, ..., H]-
> Define weights W; = e—’(z/n,-(x)2 and operators

/ /! /
7t = Dy — 2xDy — 25D, + (’7' + 2x”'> + 2k;
i Ni Ni
with Wimjy = (W;y’) + R,y formally symmetric.
» Factorization chain: 7,_1 = Biaj — 2i, 77 = a;jf;i — 2i where

aiy = Wrln, yl/mic1,  Biy = €% Wr[e¥ ni_1, y1/ni

» Proposition. The formal spectrum of 7; is the Maya diagram
obtained from the trivial Maya Diagram by flipping asymptotics at
sites ki, ..., k;.

Note: in the polynomial gauge, o indicates a polynomial
eigenfunction and x indicates a polynomial times eX.



Regularity

» Formal inner product: ( = [ f( g(x dx
where C is a contour from —oo to oo, av0|d|ng zeros of nx(x).
» Formal orthogonality and norming constants:

2"nl\/w

<HK mHK n> - 5m n2 7TK(I’1)7

7TK(n) = (n—k1)~--(n—kN)
» Theorem (Krein-Adler): The following are equivalent:
> ni(x) = Cxk Wrlhg,, ..., hy,] has no real zeros
> Uk(x) = x? + 2N — 1 — 2Dy log nk(x) is non-singular on R
» 7mx(n) >0forne N
» The finite blocks of the Maya diagram {..., -2, -1} U K are even
> X-Hermite Spectral Theorem: Suppose that K satisfies the
Krein-Adler conditions. Then 7k is a non-singular differential
expression that can be extended to an unbounded, self-adjoint
operator on Hx = L3(R, Wk). The L2 spectrum consists of the
classical spectrum minus the eigenvalues corresponding to the
exceptional degrees.



Regular factorization chains

» Lemma. Every regular 7x admits a factorization chain to the
classical T consisting of regular intermediaries.

» Proof by example:

N
A X XX A OI X X 9 X X|O|«4. 10
oo XY X[ O XX O XX |O| -1~ 6
pro U KIXIX X XX O R X071 ~ 2
XA KK KK X R X0 - g

» Proof of Theorem: Deift’s theorems justifies formal DT if both
operators are regular. Use Lemma to apply Deift’s theorem
recursively.

» Corollary: Suppose that K satisfies the Krein-Adler conditions.
Then Wk = e‘Xz/nK(x)27 x € R is a non-singular weight and
exceptional Hermite polynomials Hk ,, n ¢ K are a complete,
orthogonal basis in Hx = L2(R, Wk).



Thank you for your attention.
Thank you Lance!



