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Outline: focus on Hermite polynomials.



Hermite functions and the harmonic oscillator
I Define hn(x), h̃n(x) as repeated derivatives of e−x2

,ex2
.

In[6]:= Table@D@Exp@x^2D, 8x, n<D, 8n, 0, 5<D �� Factor

Out[6]= 9ãx2, 2 ãx2 x, 2 ãx2 I1 + 2 x2M, 4 ãx2 x I3 + 2 x2M, 4 ãx2 I3 + 12 x2 + 4 x4M, 8 ãx2 x I15 + 20 x2 + 4 x4M=

In[7]:= Table@D@Exp@-x^2D, 8x, n<D, 8n, 0, 5<D �� Factor

Out[7]= 9ã-x2, -2 ã-x2 x, 2 ã-x2 I-1 + 2 x2M, -4 ã-x2 x I-3 + 2 x2M, 4 ã-x2 I3 - 12 x2 + 4 x4M, -8 ã-x2 x I15 - 20 x2 + 4 x4M=

I Eigenfunctions of harmonic oscillator θ = −D2
x + x2 − 1

ψn =

{
e−

x2
2 hn(x) if n ≥ 0

e
x2
2 h̃−n−1(x) if n < 0

I Formal spectrum: θψn = 2nψn, n ∈ Z

I Maya diagram: L2 eigenfunctions correspond to ◦ asymptotics.



Ladder operators

I Hermite differential equation: (τ + 2n)hn = 0, where

τ = −e
x2
2 θe−

x2
2 = D2

x − 2xDx

I Lowering/Raising operators: α = Dx , β = ex2
Dxe−x2

= Dx − 2x
I Factorizations: τ = βα, τ − 2 = αβ.
I Intertwining relations: ατ = (τ − 2)α, τβ = β(τ − 2).
I Consequence: αhn = 2nhn−1, βhn = −hn+1.





Classical Hermite Polynomials: spectral theory
I Hermite diffeq: (τ + 2n)hn = 0, where τ = −e

x2
2 θe−

x2
2 = D2

x − 2xDx

I Reformulate as SLP:
(
−e−x2

y ′
)′

= λe−x2
y , x ∈ (−∞,∞)

Note: limit point, so no need for boundary conditions.
I Orthogonality of eigenpolynomials wrt W (x) = e−x2

, x ∈ R
I Extend −τ to unbounded self-adjoint T on H = L2(R,W )

Dom(T ) = {f ∈ H : f ′ ∈ ACloc, τ f ∈ H}
I Proposition: σ(T ) = {2n : n ∈ N0}

Operator spectrum recovered from formal spectrum; i.e., no
“exotic”, non-polynomial eigenfunctions

I Proof. Extend lowering operator α = Dx to closed, densely
defined A with left-definite domain. Observe that T = A∗A and
that all eigenfunctions are in D(A).

I By inspection, T ≥ 0 and 2N0 ⊂ σ(T ).
I Almost isospectral σ(T + 2) = σ(T ) \ {0}
I Note: this gives a spectral-theoretic proof of the completeness of

the Hermite polynomials in H.



Exceptional Hermite polynomials: formal theory
I Exceptional OP: eigenpolynomials of a 2nd order SLP

Allow a finite number of missing “exceptional” degrees.
I Exceptional Hermite polynomials: missing degrees K = {k1, . . . , kN}

Partition Nth triangular number into N distinct parts.

k1 + · · ·+ kN =
1
2

N(N + 1)/2, 0 ≤ k1 < · · · < kN

ηK = CK Wr[hk1 , . . . ,hkN ] = 2NxN + lower degree terms
hK ,n = CK ,n Wr[hk1 , . . . ,hkN ,hn] = 2nxn + l.d.t., n /∈ K , n ≥ 0

I Exceptional Hermite functions: ψK ,n =

e−
x2
2

hK ,n
ηK
, n /∈ K , n ≥ 0

e
x2
2

h̃K ,n
ηK
, otherwise

I Darboux-Crum formula: θK = −Dxx + x2 + 2N − 1− 2Dxx log ηK

I Preserves formal spectrum: θKψK ,n = 2nψK ,n, n ∈ Z.

I X-operator: τK = −(e
x2
2 ηK )θK

e−
x2
2

ηK
= Dxx − 2xDx − 2 ηK

′

ηK
Dx +

(
ηK
′′

ηK
+ 2x ηK

′

ηK

)
I Exceptional hermite diffeq: (τK + 2n)hK ,n = 0, n /∈ K , n ≥ 0.



Example
I Missing degrees: 6 = 0 + 1 + 5
I ηK = 1

160 Wr[h0,h1,h5] = 8x3 − 12x
I Exceptional operator and Hermite functions:

I Formal spectrum
Maya diagram



Example
I Missing degrees: 10 = 0 + 1 + 4 + 5
I ηK = 1

1560 Wr[h0,h1,h4,h5] = 16x4 + 12
I Exceptional operator and Hermite functions:

I Formal spectrum
Maya diagram



Darboux transformations: formal theory

I Starting point: Schrodinger operator and seed eigenfunction.

θ = −Dxx + U(x), Hφ = εφ.

I Factorization: θ = α†α+ ε where

α = −Dx +w(x), α† = Dx +w(x), w = φ′/φ, w ′+w2 = U−ε.

I Partner operator: θ̂ = αα† + ε = θ − 2w ′.
I Intertwining relations: θ̂α = αθ

I Intertwiner: α : ker(θ − λ) =: Eλ(θ)→ Eλ(θ̂)

θφ = λφ, φ̂ := αφ ⇒ θ̂φ̂ = θ̂αφ = αθφ = λφ̂.



Factorization chains: Darboux-Crum formula

I Starting operator θ = −Dxx + U(x)
Seed eigenfunctions φ1, . . . , φN s.t. θφi = εiφi .

I Dressing chain: θ = θ0 → θ1 → · · · → θN with

θi = θ0 − 2Dxx log ηi , ηi = Wr[φ1, . . . , φi ].

I Factorization chain: θi−1 = α†i αi + εi , θi = αiα
†
i + εi , i = 1, . . .N

αi = −Dx + wi(x), wi =
η′i
ηi
−
η′i−1

ηi−1
.

I Intertwining relations: θi α̂i = α̂iθ0 where α̂i = αi · · ·α1 with

α̂i f = ±
Wr[φ1, . . . , φi , f ]
Wr[φ1, . . . , φi ]

.



Hermite factorization chains

I Fix partition of N, indices k1 < · · · < kN . Set ηi = Wr[Hk1 , . . . ,Hki ].

I Define weights Wi = e−x2
/ηi(x)2 and operators

τi = Dxx − 2xDx − 2
η′i
ηi

Dx +

(
η′′i
ηi

+ 2x
η′i
ηi

)
+ 2ki

with Wiτiy = (Wiy ′)′ + Riy formally symmetric.
I Factorization chain: τi−1 = βiαi − 2i , τi = αiβi − 2i where

αiy = Wr[ηi , y ]/ηi−1, βiy = e−x2
Wr[ex2

ηi−1, y ]/ηi

I Proposition. The formal spectrum of τi is the Maya diagram
obtained from the trivial Maya Diagram by flipping asymptotics at
sites k1, . . . , ki .
Note: in the polynomial gauge, ◦ indicates a polynomial
eigenfunction and × indicates a polynomial times ex2

.



Regularity

I Formal inner product: 〈f ,g〉 =
∫

C f (x)g(x) e−x2

ηK (x)2 dx
where C is a contour from −∞ to∞, avoiding zeros of ηK (x).

I Formal orthogonality and norming constants:

〈HK ,mHK ,n〉 = δm,n
2nn!
√
π

2NπK (n)
, πK (n) = (n − k1) · · · (n − kN)

I Theorem (Krein-Adler): The following are equivalent:
I ηK (x) = CK Wr[hk1 , . . . , hkN ] has no real zeros
I UK (x) = x2 + 2N − 1− 2Dxx log ηK (x) is non-singular on R
I πK (n) ≥ 0 for n ∈ N0
I The finite blocks of the Maya diagram {. . . ,−2,−1} ∪ K are even

I X-Hermite Spectral Theorem: Suppose that K satisfies the
Krein-Adler conditions. Then τK is a non-singular differential
expression that can be extended to an unbounded, self-adjoint
operator on HK = L2(R,WK ). The L2 spectrum consists of the
classical spectrum minus the eigenvalues corresponding to the
exceptional degrees.



Regular factorization chains

I Lemma. Every regular τK admits a factorization chain to the
classical τ consisting of regular intermediaries.

I Proof by example:

I Proof of Theorem: Deift’s theorems justifies formal DT if both
operators are regular. Use Lemma to apply Deift’s theorem
recursively.

I Corollary: Suppose that K satisfies the Krein-Adler conditions.
Then WK = e−x2

/ηK (x)2, x ∈ R is a non-singular weight and
exceptional Hermite polynomials HK ,n, n /∈ K are a complete,
orthogonal basis in HK = L2(R,WK ).
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