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Introduction

Adopted notation

B Ng:={0}UN={0,1,2,...}; (a)p:=ala+1)---(a+n—1)
m +a:= {a,—a}, 2* :={z,27}; (a;¢)n:=(1—a)(1—qa) - - - (1—¢" 'a)
m Nonterminating generalized hypergeometric series (product notation)
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m Nonterminating very-well-poised basic hypergeometric series
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Introduction

Jacobi and Gegenbauer polynomials and functions

Jacobi polynomial, is defined as

plf) gy .o Hetltn) o (-nntatf+l 1-a
! T nlT(a+1) a+1 o )

The Gegenbauer (or ultraspherical) polynomial is defined as

(2Wn  Hu—3u-3) I'(2p +n) —n, 2 + nl-ua
() = N2 2H72 =7 7
CH(x) it %)n P, (x) T (20) ot L 1 5

The Jacobi function of the first kind (Durand, Koornwinder, Koelink, ...)

T T+ D)I(at+1) P! a+1 T2
The Gegenbauer function of the first kind is defined as
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Introduction

Jacobi polynomials: P*? . C — C

m Jacobi polynomials are orthogonal polynomials, orthogonal on the real
interval (—1,1). They can be defined for n € Ny as

(Ol“‘].)n —n,n—l—a—l—ﬂ—i—l 1—=z2
—2F1 ; .
n! a+1 2

m Orthogonality relation:

1
/ PP ()PP (2)(1 — 2)*(1 + z)Pdx
-1

22D (a+n+ DI(B+n+1)

= 1 Om,n-

Cn+a+p+1)l(a+B8+n+1)n

m They satisfy the parity relation
12N =) = (=) ().
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Introduction

Symmetric and antisymmetric Jacobi polynomials

The Gegenbauer function of the first kind is defined as

VT (21 + N) —A2u+A 1—2
C%)'leﬂ)ﬂ amx+n2ﬂ( pt+i 2 )

and it is the clear extension of the Gegenbauer polynomial when the index
is allowed to be a complex number as well as a non-negative integer.

The symmetric Jacobi polynomial is given by

F'2a+1)N(a+1+n)

() () —
B = farDrea+1+n)

n

1
C,Trz(x).

The antisymmetric Jacobi polynomial is given by

Péa,—a) (z) = F(2a2‘:nl!)rl—‘(g ; fé) +n) (1+2)° Coz-l-z( )
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Introduction

Gegenbauer functions of the first and second kind

The Gegenbauer functions of the first and second kind (Durand) are related
to associated Legendre functions of the first and second kind. The
Gegenbauer function of the first kind is given by

_ VT T(2p+7) 1 3=
CH(z) = T+ 1) (o2~ 5] pw:_%(z)

The Gegenbauer function of the second kind is given by

e2mi(u—1) I'(2u + ) 1

&S yror s Ty +1) (2 — 1)5-1

gk
2
z).
Q’H’M—%( )
Associated Legendre functions are precisely those functions which satisfy a
quadratic transformation of the Gauss hypergeometric function, which are
very special.
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Introduction

Continuous g-Jacobi polynomials

The continuous g-Jacobi polynomials are defined in terms of Askey—Wilson
polynomials. The Askey—Wilson polynomials are defined as

_ g ", ¢ tabed, azt
pn(x;alq) :== a " (ab, ac, ad; q)n 4¢3( ’ et ad’ 1659 |
where z = (2 + 27!). The continuous g-Jacobi polynomials are defined as

a1l
POd)(glg) = ~APn(Ti2l0) 1q(2+4)”Pn({sa\Q) |
(4,013,014 Q) (g, —qz(@+B+D | _ga(atB+2), o)

)

where

a1 a3 B 1 B3
a={ay,as,as,as} := {q2+4,q2+4,—q2+4,—q2+4}-
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Continuous g-Jacobi polynomials

Alternate continuous g-Jacobi polynomials

Another g-analogue of the Jacobi polynomials is given by

1
(¢**1, =%t q)n 5 g ", @At g2t
(£¢; O)m 13 gert g g 1

(—g*tP L ),
22 PR (gg?).

PP (z;q) =

— q—na
(—q:@)n

This follows from the quadratic transformation (originally due to Singh)

_ . _ b
4¢3 (q 2n7q2na27qb2702. 2 q2>: (bc)n(_(b_blc’q)n‘“b?) q n7qna’l]?7l§).
—a,—qa, ¢*b%c 7’ (—a, —gbc; q)n —q,—f,qbc "

and therefore has the following representation in terms of Askey—Wilson

n/2

q 1 1
P}La’ﬁ)(ﬂf;Q) = (q_q—_q.q)pn(x;Q%—q?,an, —¢"g).
I Y Y n

8/24
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Continuous g-Jacobi polynomials

Orthogonality and parity of continuous g-Jacobi polynomials

Orthogonality relation:

1
/ PP (z)q) PLP) (] q)w(™P (z]q) dz = h{*P) (q)dmn-
=

) 3q) oo
1 atp at 3 atf | 1
ed) gy - 2mdeTN g TR oo (g P g E 2 g)n
n (q) - a+p a+p atB .

They satisfy the parity relation

P{*P(=zlq) = (=1)"¢2 P P (z]g).
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Continuous g-Jacobi polynomials

Motivation: The classical relation

The relation between the antisymmetric Jacobi function of the first kind
and the Ferrers and Gegenbauer functions of the first kinds is

1
_ F(y+a+1) (1+x)\2°
(=) () —
) L(y+1) ( ) i

D(20+ 1) (y — a + 1) i
22T (v+ DI+ 1) (1+2) y—a (2),

where z € C\ ((—o0,—1] U [1,00)) and

11—z ;a(x)

T+ \z-1) D@

'a+1)I'(y—a+1) a0td
2T+ DM+ 10 Gmal®
where z € C\ (—o0,1].
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g-Jacobi functions and Wilson functions

The Plan

m In order to find a g-analogue of such a relation, we need to find
g-analogue of Gegenbauer functions which will generalize continuous
g-ultraspherical polynomials.

m Continuous g-ultraspherical polynomials and continuous g-Jacobi
polynomials are specializations of Askey—Wilson polynomials.

m Hence, in order to find a g-analogue of Gegenbauer function, we will
require continuous g-ultraspherical functions and therefore will need
Askey—Wilson functions (of the first kind), the generalization of
Askey-Wilson polynomials where the degree can be generalized to a
complex number.

m The Askey—Wilson functions have been studied by other authors
(Rahman, Groenevelt, Koelink, Stokman, Koornwinder, ...)
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g-Jacobi functions and Wilson functions

Continuous g-Jacobi and continuous g-ultraspherical

functions from Askey—Wilson functions of the first kind

m continuous ¢-Jacobi functions

Lo+l ayl a3  B,1 Bys3
plh) gDy (w5571, q5 1, —q21, —g21q)
A (x|Q)_ a+ 41 M“Fl )
(=g 2 "2,—=¢ 2 "9
m continuous g-ultraspherical functions
2.
q-";q)\ ¥ a1 ol 7.1
Cx(w;q”\q)=( (7 N 3+1 ) (z;49%,q272,—q2,—q22]q)
q,—q’",=q" " 2;4))
m infinite ¢-shifted factorials
(a;9)
(a;9)a
(¢*a;q)
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g-Jacobi functions and Wilson functions

The Askey—Wilson function of the first kind

m The Askey—Wilson function of the first kind is invariant under the
transformation z — 27! as it should be.

m Consider the Askey—Wilson functions with parameters
a:= {a, by, by, bs}. The Askey—Wilson function of the first kind is
symmetric under interchange of the variables by, bo, b3, but not under
the interchange of the variable a unless A = n € Ny in which case it
reduces to the Askey—Wilson polynomial.

m |t is defined through basic hypergeometric representation as follows

1-X
b 2.
(22, {42}, 0% )

1—X
aM Ly, 171721; q)x

pa(z;alg) ==

biog  _ _ b1 by b3 %
><8W7< g N abig, —, =, =5 ¢ Ed 5

gz’ 2’z z a

where |gz| < |al.
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g-Jacobi functions and Wilson functions

Askey-Wilson function of the first kind

pa(z;alq)

1-X
9(a%;q)(cd, bz, %, L M i g)oe W7(Cd gcd g qbz)
a*d(g? a"’;q)( 25,44 Pbe, *bd, g ed; ¢)oc az’az’ 2’ 2’ b’

_ data)(be,bd ed T 0 ) W(@. A e b€ g)
a*d(g* a27q)("§d,,fz7q*bc7q*bd7q dig)o Nz 1 1 222
;q)(bd, cd,‘{:‘vq =2 Q) g .\ ¢ g X
= Y i sWr LI 1dz75¢,47be
a ﬁ(q a2 q)(4z bd, g cd, € 30 o a a ac
.
_ 19( 7Q)(%7%7%7 Ailadevqui;Q)oo
- 2—X
a*(gra?; q)(L2F, ¢rbe, ¢Abd, ¢ ed, T3 ) oo
1-X 1-X 1-X 1-X
)Wy (L Lot L L 9 g 2 abed ),
a2 a ab ' ac ' ad

where in order for the nonterminating g1¥; to be convergent, one requires respectively |bz| < 1,
. |@tbe] < 1, |¢*7 < |ac|, |[¢*tabed| < 1, and we assume there are no vanishing
denominator factors.
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g-Jacobi functions and Wilson functions

Analytic continuation in A and the correct choice for a

— b d
I(a?;q) (g, L, %, L rbedz®; q)oo
a*d(g*a?; q)(L2%, ¢rbe, Abd, gred, P10 LoE )

bed q _
x sWr (qu; ¢*be, ¢*bd, ¢*cd, Ezi; a.q A)

pa(z;alg)

1
¥(a%; q) (be, ed, L, ¢*bedz®, T q) oo

a?(gPa?; q) (L%, ¢rbe, ¢rbd, ¢Ped, b2 d; q) oo

1-X
x W+ (q)‘fleQd; qulabcd, czi, q>‘bc, q)‘cd; q, L) .
ac

Similarly for continuous g-Jacobi functions and also for continuous g-ultraspherical functions.
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g-Jacobi functions and Wilson functions

Continuous g-Jacobi functions of the first kind

m We are able to get good g-analogues of the Jacobi function of the first kind, namely by
choosing a equal to either a3 = fq§+% or ay = 7q§+§ in the Askey-Wilson function. One
finds good g-analogues of the Jacobi function of the first kind in the respect that their ¢ — 1~
limit approaches the Jacobi function of the first kind with the correct hypergeometric behavior.

PR (—alq) = (~1)"q5 @A) P (z]q).

_ sin(r(8+1))
sin(w )

_sin(my) M(a+7+ D06 +7+1) ( 2 )ﬂP(_ﬁ’a)(z)
sim(@B) T(a+ B+ + DL( + ) \1—-2/) "8

p&ayﬁ)(,z) P§ﬁ,a)(z)

m We will call these continuous ¢-Jacobi functions of type I and with the choice a = a4, we will
call these continuous g-Jacobi functions of type I1.
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g-Jacobi functions and Wilson functions

Continuous g-Jacobi functions of the first kind

aa\d 9%t -
) ﬂ+£+)\‘ >A WP (s 2la),
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X8W7(_q4+a 2l g BN ot gt giHE 1 g

a+B843 atftl g 3_8_) _ 7 By _
otl g2 Ml —g 7 T —gitr Tl —gitrtelig),
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XsW7(—q T Ng g P g g
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g-Jacobi functions and Wilson functions

Continuous g-ultraspherical functions of the first kind

—2 9050w
I+ 0)(43 4)oo
7
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22, g7, (97T 2], g < 1,

Cx(z3q7|q) = ¢ Cr(X; 2lg)
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(g2 73, =, 27X 122 g) o
1 1 a+1 1
L N N B g e N == +3+x
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3 1 FEL e 3y
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o+l 1 1 . Yo - _ 4+l -1 e §
XsW7(q T qr TR gr A et gt Ene z),
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3 4l -7+,
(=g g2, 2, M A g2 g)
T o =3 &
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1—y—\ P 1—y-A 1-7 _+
XSW7(q TR g T T g T 2
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g-Jacobi functions and Wilson functions

Wilson function of the first kind

The Wilson polynomials are symmetric in four parameters a, b, ¢, d. Define
a:={a,b,c,d}. Then the Wilson polynomials are defined as

- b d—1,a%1
Wy (22 a) == (a+b,a+c,a+d)n4F3< mntatodedt o m;l),

a+ba+c,a+d

We take as our standard limit transition the relation

Wi(z%a) = lim (1—q) " pA(3(¢" + ¢ )5 ¢%a),

q—1—

(a,b,¢,d) — (¢% q°, 4%, q%), 2z = ¢'®, which is akin to the limit transition from
Askey—Wilson polynomials to Wilson polynomials.

a,5+1,b,¢c,de, f

W(a;b,c,d = 7k
(a;b,¢,d,e, f) 7 6< 1+a-b,1+a—c1+a—d,1+a—e,1+a—f’

which is absolutely convergent if R(2a — (b+c+d+e+ f)+2) > 0.

)
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g-Jacobi functions and Wilson functions

Wilson function of the first kind 1l

I'(2a+\1-2a—\, 1—atiz,c+d—a+1—iz,b+c+A b+d+ A, c+d+ N)

Wi(z%a) =
M=% ) I'(2a,1-2a,c+d,b+iz,c—a+ 1,d—a+1,b+c+d+ A —iz,1—a—A—izx)

xW(c+d—a—iz;l—a—iz,c—iz,d—ix,c+d+ X, 1—A—a—b),

~ T(2a+A1-A=2a,b+d+ X, c+d+ A, d—a+1-\ 1-atix)
B I'(2a,1-2a,b+d,c+d,1+d—a,1—a—A+tix)

xW(d—a—X; =\, 1—a—b—\,1—a—c—\, d+ix),

I'(2a+A, 1-A—2a,b+c+d—iz, 1—a—iz, b+c+ A, b+d+ ), c+d+ )
I'(2a,1-2a,b+c,b+d,c+d,1—a—A—ix,b+c+d+ A —ix)

xW(b+c+d—1—ix; =\, A+a+b+c+d—1,b—ix, c—ix,d—iz),
T(2a+\,1-A—2a,1—axtiz,b+c+ X, b+d+ A c+d+ A, 2—A—2a)
I'(2a,1-2a,b—a+1,c—a+1,d—a+1,a+b+c+d+A—1,1-A—atix)
xW(1—A—2a;1—a+iz,1-A—a—b,1-A—a—c,1-A—a—d),
which are absolutely convergent if
R(b+iz,b+c+N\1l—a+iz,a+b+c+d—1+X)>0.
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g-Jacobi functions and Wilson functions

Wilson polynomials

New representations for the Wilson polynomials

—n,1—a—b—n,c—iz,d—i
Wn(:cQ;a):(a+ix,b+ix,c+d)n4F3( Ao, e, A 1)

l—a—ix—n,1—-b—iz—n, c-l-d;
(atiz),(a+b+c+d—1)9,
(a+b+c+d—1),

= (-1

L F —n,1—a—b—n,1—a—c—n,1—a—d—n_1
s l—a+iz—m,2—a—b—c—d—2n ’
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Antisymmetry relations for cts g-Jacobi functions

Antisymmetry relation

m Obtained antisymmetry relation for continuous g-Jacobi
polynomials/functions

I'2a+ HI(1 —a+n)
29nIT'(a + 1)

. @ A—
P)(\a,—a) (xlq) _ em(2)\—oz)qa>\ (q?"'%) e

1
P(aa_a) (gj) = (1 + l')aczjg (:L')

n

1 1 3_a
(g2, 2, —gi72 2%, ¢)

1 _ 134 a3 X
(g*T2,qltA—a, g2t —gztizE; q)

1
C)\fa (.77; qa+§ |q) .

o0

e~ sin(mp)
A (z)

lim P9 () = PP (). 1 1¢hlg) = ————
im Py (z]q) = Py (@), qE{‘_CA(x’qM) sin(m(p + \))

q—1—
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Antisymmetry relations for cts g-Jacobi functions

Future directions of work

m Robert S. Maier, Associated Legendre Functions and Spherical
Harmonics of Fractional Degree and Order, Constr. Approx.
48:235-281, 2018. Several (of many) examples of Dihedral
monodromy Legendre (and Ferrers) functions

@ o n' z + ]. % (_a’a)
P_%i("JF%)(z) - I'(n—a+1) (z — 1) Fn (2)-

Q%er (Z) _ Z(_l)m 77/2 P(a,—a) ( % )
T (2o DiE+VE - I

—iy/T/2
(1 —a)m(l+a)m

(6 = 14+ V- Do) ()

22 —1

1
T2y
Q—%—i—a (2) o
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Antisymmetry relations for cts g-Jacobi functions

Future directions of work

m Work with Rahman's Askey—Wilson function of the second kind to
obtain corresponding formulas of antisymmetry relations for
continuous ¢-Jacobi functions of the second kind in terms of
continuous g-ultraspherical functions of the second kind.

m Treat quadratic continuous ¢-Jacobi polynomials

m ¢-functions which generalize orthogonal polynomials in the
q g g poly
q-Askey-scheme are a rich source of exploration
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