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Abstract
In this paperwe introduce the spectral approach to delocalization in infinite disordered systems and
provide a physical interpretation in context of the classicalmodel of Edwards andThouless.We argue
that spectral analysis is an important contribution to localization problems since it avoids issues
related to the use of boundary conditions. Applying themethod to 2D and 3Dnumerical simulations
with various amount of disorderW shows that delocalization occurs forW�0.6 in 2D and for
W�5 for 3D.

1. Introduction

In 1958Anderson [1] suggested that sufficiently large disorder in a semi-conductor could lead to spatial
localization of electrons, called Anderson localization. The subject of Anderson localization has grown into a
richfield over the past decades, which led to the development of numerous definitions for localization, including
themost commonones: the dynamical and statistical definitions. In the dynamical sense, an exponential decay
of awave functionwith respect to time implies localization of the particle represented by that wave function. In
the statistical sense, localization occurs when the eigenvalues of the system’sHamiltonian (represented by a
large,finite-sized, randommatrix) are discrete and infinitely close to one another. The dynamical and statistical
methods can easily be related to the physical concepts of scaling and perturbation theory and have beenwidely
used as localization criteria by both physicists [2–5] andmathematicians [6–8].

A third, less popular among physicists, approach to theAnderson localization problem is found in spectral
theory [9–12]. There, extended states are interpreted as scattering states of infinite size systems and a nontrivial
absolutely continuous part of the spectralmeasure of a givenHamiltonian corresponds to transport. In 2013
Liaw [13] developed a spectralmethod, suited for detection of delocalization in infinite disordered systems of
any dimension. Thismodel has beenwell explained in the language ofmathematics but has yet to be understood
and adopted by the physics community.

The primary goal of this paper is to provide a physical interpretation of Liaw’s spectral approach to
delocalization problems and show its advantages and applicability to physical experiments. Herewe argue that
thismodel applied to infinite systems of any dimensionwill producemore accurate results thanwill the
dynamical and statisticalmethods since it avoids the issues related to the use of boundary conditions.We also
believe that spectral theory can improve analysis of the critical 2DAnderson localization case, where previous
experimental results [14–17] have shown disagreement with scaling theory predictions [18].

We start with an overview of the classical approach toAnderson localization developed by Edwards and
Thouless (section 2). Next, we introduce the idea behind the spectralmethod and its physical interpretation
(section 3) andmake comparisonwith the classical approach (section 4). Then, we re-visit and analyze
numerical results for 2D, and 3D systems (section 5). Finally, we discuss futurework and the spectralmethod’s
applicability inmaterial science (section 6).
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2. Edwards andThouless’smodel

In 1972, Edwards andThouless [19]developed a scaling criterion for Anderson localization and applied it to 2D
and 3Dnumerical experiments. Theirmodel is essentially an eigenstate-eigenvalue theory, where the sensitivity
of the energy eigenvalues to the choice of periodic or antiperiodic boundary conditions is used as a criterion for
localization; i.e. they argued that a particle in a localized statewould not be sensitive to a change in boundary
conditions.Mathematically, this can be classified as a statistical approach to localization.

2.1.Hamiltonian
Edwards andThouless assumed that thewave function for an electronmoving through a periodic array of sites
could be described by a linear combination of site orbitals (with one orbital per site), where the amplitude for an
eigenstate of energyE is

å= - ++ ( )Ea V a a 1i
l

i l i i

with theHamiltonian at site i given by

= - + ( )H ZV . 2i i

Here l is a displacement vector ranging over theZnearest neighbors of site i,V is the coupling between sites,
which is taken to be constant between neighboring sites and zero otherwise, ai is the amplitude associatedwith
the ith state, and i is the energy of the orbital localized on site i.With these definitions, thefirst termof the
Hamiltonian represents the kinetic energy (or the Laplacian) and the second term the potential energy of the ith
particle. Therefore, we can rewrite (2) in amore general operator form as

 å d d= -D + á
ÎG

∣ ( )H , 3
i

i i i

whereΔ is the Laplacian describing a d-dimensional crystal with atoms located at the integer lattice pointsΓ 1,
and di assumes the value 1 in the ith entry and zero in all other entries. Thus, equation (3) represents the discrete
randomSchrödinger operator.

In order to apply thisHamiltonian to their numerical simulations, Edwards andThouless assumed that the

i are distributed uniformly in the interval -( )W W, ,1

2

1

2
whereW represents the amount of disorder in the

system. Thus, for any givenW value they could generate the i (  i N1 ,whereN is the number of sites),
determine the number of nearest neighborsZ (based on the dimension and geometry of the lattice under study),
andfix the constant value of the couplingV (for simplicityVwas taken to be unity). Next, theHamiltonianwas
applied to equation (1) and the behavior of the energy eigenvalues was used as a criterion for localization.

2.2. Localization criterion and results
Mathematically, Edwards andThouless’s simulations aimed to solve a site percolation problem,where sites with
energy  < Ei are available for a particle with probability p and sites with energy  > Ei are unavailable for a
particle with probability - p1 .Thus, for a given p, localization is dependent on the probability that a path exists
for a particle tomove across the crystal, where the critical value of p is determined by the amount of system
disorder,W. It is expected that as the size of the disordered system increases, it will become less likely for the
particle tofind a path across the crystal and eventually localizationwill be reached.

Edwards andThouless’s approach to the problemutilizes the sensitivity of thewave function to a change in
the periodicity of the boundary conditions among sites. They calculated the energy levels for a particular system
ofN sites first using periodic boundary conditions, and then repeated the calculation using antiperiodic
boundary conditions across one of the boundaries. Next, they computed the energy differenceDE between
corresponding energy levels (when the levels are arranged in order of energy). The ratio of the energy shiftDE to
the energy spacing (roughly given by )/W N was used as ameasure of localization. If the ratio decreases as the
size of the system is increased (i.e.DE is small when compared to the energy spacing) the states are localized, but
if it does not decrease (DE is of the order of the energy spacing) the states are delocalized.

Edwards andThouless showed that Anderson’s localization criterion can be relaxed for both the 2D and 3D
cases. Their simulations, alongwith later work by Thouless [20], indicated that a transition from extended to
localized states will occur for W 6 in the 2D case and for >W 15 in the 3D case.However, the 3D simulation
suggested that for  W5 15 the behavior of thewave functionswas characteristic neither of exponential
decay, nor of extended states. It is reasonable to conclude that the transition point distinguishing localized from
extended states is located in the interval Î [ ]W 5,15 . Further study by Last andThouless [21] gave support to the
notion that the solutions in this intervalmight be localized but falling off with a power law instead of

1
For the sake of simplicity wewill writeΓ instead ofΓd to indicate a d-dimensional crystal.

2
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exponentially. Thouless argued that similar phenomenon occurs in 2Dbut the effect is less prominent and
harder to observe [20].

2.3.Discussion
Edwards andThouless’s work laid the grounds for the development of scaling theory byAbrahams [18], which
explains how transport and size of themedium are related. Scaling has beenwidely used in analysis of
localization problems and has given repeatable results in agreementwith theoretical predictions in both 1D [22]
and 3D systems [2, 23, 24]. Nevertheless, there is still disagreement between theory and experiment for the 2D
case, where Anderson localization is considered to be a critical phenomenon. According toAbrahams, in 2D
systems conductance always decreases with size increase and localization can always be reached.However,
extended states in 2Dhave been observed in electron structures [14],MOSFETs [15], and other 2D systems
[16, 25]. In addition, experiments with light [26, 27] and atomic kicked rotors [28] have shown that localization
is a function of the disorder strength and that transport can occur at weak disorder [26].

We argue that some of the disagreement observed in the 2D casemay arise from the use of periodic boundary
conditions in scaling theory calculations and the notion that an increase in size can be accurately achieved by
taking a systemofN sites as a unit cell and then periodically extending it to obtain an infinitely periodic system.
These and other issues can be avoided using the suggested spectral approach.

3. The spectral approach

This paper does not aim to contradict scaling theory. Rather, its goal is to introduce an alternativemathematical
approach toAnderson localization problems that provides additional insight into the theory while improving
agreement between numerical and experimental results. In this section, we start with a brief overview of cyclicity
and the Spectral Theorem, before introducing Liaw’s spectralmethod inmathematical terms.We then develop a
physical interpretation of themodel that will allow comparisonwith Edwards andThouless’smethod.

3.1.Definition of cyclicity
AnoperatorA on aHilbert space has a cyclic vector f if the span of the vectors ¼{ }f Af A f, , ,2 is dense in.
Equivalently, f is a cyclic vector forAwhen the set of all vectors of the form ( )p A f ,where p varies over all
polynomials, is dense in. In order to examine this idea, wewill assume to befinite dimensional in this
section.

IfA is a finiteHermitianmatrix, then a necessary and sufficient condition thatA has a cyclic vector is that its
eigenvalues are distinct. If they are not distinct, nothing is sufficient tomake any vector f cyclic.

In terms of quantummechanics, let us consider the (time-independent)HamiltonianH on aHilbert space
.ThisHamiltonian represents afinite-dimensional discrete operator inwithfinitelymany eigenvalues l .i It
is immediately clear that ifH has (mutually)nondegenerate eigenvalues, l l¹i j when ¹i j, thenH is cyclic in
theHilbert space. On the contrary, ifH has degenerate eigenvalues, then it is not a cyclic operator in theHilbert
space.

To see thismathematically, we beginwith a few observations. Consider the eigenvector-eigenvalue equation:

l= ( )Hv v. 4

We see that the sequence of vectors ¼{ }v Hv H v, , ,2 consists of vectors that are all parallel since
l l= = ¼H v v H v v, , ,2 2 3 3 i.e. each vector in the sequence is a constantmultiple of v.

If two vectors are parallel, then any linear combination of themmust be parallel to both. The span of two or
more parallel vectors consists of the line through the originwhich contains these vectors. Apparently, such a
series cannot constitute a basis inHilbert space.

Therefore, we can conclude that v is not a cyclic vector in. In particular:

¼ = ¹{ } { } ( )span v Hv H v span v, , , . 52

SupposeH has degenerate eigenvalues for the eigenvectors v1 and v2, that is, l l l= = .1 2 Then for any linear
combination of v1 and v2, = +v av bv ,3 1 2 we have

l l l l= + = + = + =( ) ( ) ( )Hv H av bv av bv av bv v . 63 1 2 1 1 2 2 1 2 3

Thus, a vector equal to a linear combination of two eigenstates having degenerate eigenvalues will generate a
sequence of parallel vectors that cannot span theHilbert space.

This is also true for any general vector v in (where v is not necessarily a linear combination of eigenvectors
ofH).Mathematically, the span of the eigenvectors, { }span v v, ,1 2 constitutes a subspace embedded into the
Hilbert space. Therefore, the parts of ¼{ }v Hv H v, , ,2 that lie within { }span v v,1 2 are parallel and cannot

3
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span the two dimensional subspace, so the generated sequencewill not span theHilbert space. Thismeans that
when theHamiltonian has degenerate eigenvalues the general vector v and the operatorH are not cyclic in.

On the other hand, if all eigenvalues are nondegenerate, l l l¹ ¹ ¼1 2 3 then any vector in can be
expressed as: å= =ṽ c v

i

n
i i1

for ¹c 0,i where the sequence ¼{ ˜ ˜ ˜ }v Hv H v, , ,2 now consists of vectors that are
linearly independent. Thismeans that the vector ṽ is cyclic for the operatorH in. In particular:

¼ ={ ˜ ˜ ˜ } ( )span v Hv H v, , , . 72

Let us nowdiscuss how to extend from this finite dimensional scenario to operators in infinite dimensional
Hilbert spaces.

3.2. The spectral theorem
In the case of a quantummechanical latticeΓ, theHilbert space of interest is the square-summable space G( )l2

which consists of the square-summable vectors with entries on the lattice points (i.e., the sumof the entries
squared isfinite).

Recall that, if theHamiltonian has only afinite number of distinct eigenvalues, the possible vector states for
the particle are either the corresponding eigenvectors or some combination of them. Therefore, possible
solutions for thewave functionwill all belong to the square-summableHilbert space of the lattice G( )l .2 The
Hamiltonian can then be diagonalized by a change of basis

l

l
= =-


  


⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ( )H U DU D, where

0

0
, 8

n

1
1

whereU is the unitarymatrix that contains the orthonormalized eigenvectors in its columns.
The generalization of this procedure in operator theory is called the Spectral Theorem. Broadly speaking, the

Spectral Theoremprovides the conditions underwhich a general operator or amatrix can be diagonalized. It
identifies a class of linear operators that can bemodeled bymultiplication operators2.

For the case in hand, consider amore generalHamiltonianH acting on the vectors of G( )l .2 If this
Hamiltonian is ‘linear’ and if Î G( )v l f ,2 thenwe also have Î G( )Hv l .2 The goal is to diagonalizeH. The
Spectral Theorem says that whenH is self-adjoint and cyclic, a unitary operatorU exists so that

= x
- ( )H U M U , 91

where x x x=x ( ) ( )M f f is themultiplication by the independent variable on another square-integrableHilbert
space m( )L .2 The new space m( )L2 stands for the square-integrable functionswith respect toμ

 
òm x m x=  < ¥{ }( ) ∣ ∣ ( )∣ ( ) ( )L f f: d . 102 2

In otherwords, the new square-integrableHilbert space m( )L2 is the set of all real-valued functions  ( )f :
whose square integral is bounded. This definition guarantees the conservation of probability in the new space,
which is needed for a proper quantummechanical treatment of the problem. In essence, the spectralmeasureμ
encodes all the spectral information ofH and can now allow for discrete and continuous values, as well as
anything ‘in between’. As a result, we can decompose md into two parts:

(i) dμac—the absolutely continuous part of the spectrum ofH, which corresponds to the scattering states of the
systemor the conducting band of a semiconductor. By theRAGETheorem [12], the existence of m ¹d 0ac

means that there is delocalization in terms of transport.

(ii) dμsing—the singular part of the spectrum of H that represents ‘everything else’, including the discrete
eigenvalues, where the eigenvalues are included asDirac δ pointmasses. For example, ifH only has one
eigenvalue atλ, thenμ equals aDirac δmass atλ:

 ò òm d x l= =l ( ) ( )fd f d f . 11

It is important to note that this part of the spectrumofH also contains very poorly behaved pieces, called the
singular continuous part3.

2
In operator theory, amultiplication operator is an operator T defined on some vector space of functions andwhose value at a function f is

given by a fixed function x( )h .That is, whenT acts on f, the result is x x( ) ( )h f : x x x=( )( ) ( ) ( )T f h f for all f in the function space and all ξ in
the domain of f (which is the same as the domain of h). In equation (9)wewill encounter amultiplication operator for which x x=( ) ( )h .
3
It is not knownwhat physical property/state corresponds to the singular continuous part (see p 23 of [29]).We saw a hint for a possible

answer in Edwards andThouless’model, where they pointed out that there are values of their solution corresponding to an intermediate
region inwhich the particle states are neither localized, nor describable in terms ofweakly coupled planewaves [19–21]. However, these
‘intermediate’ states found in theory have not yet been observed experimentally.

4
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We see that when theHamiltonian not only has discrete values, but also an absolutely continuous part of its
spectrum,we cannot simply use a change of basis to diagonalize it as in (8). In this case, we need the Spectral
Theorem to switch from the square summableHilbert space to the square-integrableHilbert spacewhose
measure accounts for all possible solutions. (Naturally, continuous solutions require an integrable space and
cannot be contained in a summable one.) In order to diagonalizeH, we need to transformH on G( )l2 to xM
on m( )L2 .

3.3. Essence of the spectralmethod
Given aHamiltonianH on aHilbert space, consider its spectralmeasureμ.We can nowdecompose this
measure into an absolutely continuous part and a singular part:

m m m= + ( ), 12ac sing

where the space m( )L2 (onwhichH acts by x)M can be decomposed into two orthogonalHilbert spaces:

m m m= Å( ) ( ) ( ) ( )L L L , 132 2
ac

2
sing

where the symbolÅ is the direct product of the two subspaces m( )L a
2

c and m( )L .sing
2 In other words, every

element f from the space m( )L2 can bewritten as = +f f f ,ac sing where fac is an element from m( )L2
ac and fsing is

an element from m( )L .2
sing Conversely, every element g from m( )L2

ac and every element h from m( )L2
sing are

orthogonal ò x x m x =( ) ( ) ( )g h d 0. In this case theHamiltonian has a part Hac that comes from m( )L2
ac and a

part Hsing that comes from m( )L2
sing .

Examining theHamiltonian fromoperator theory (3) that we generalized from theHamiltonian used in
Edwards andThouless’methodwe have:

 å d d= -D + á
ÎG

∣ ( )H , 14
i

i i i

where again the i are distributed uniformly in the interval -( )W W, .1

2

1

2
For any vector d Î G( )l ,i

2 say d ,0 we

can state the following theorem [11]:

Theorem. d0 is cyclic for the singular part ( )H sing a.s.

Themain idea of the spectralmethod is that if we can show that d0 is not cyclic for H , then a.s.

 ¹( ) ( )H H . 15sing

If (15) holds, we can conclude that there ismore to H than the singular part, whichmeans that there is an
absolutely continuous part implying the existence of extended states.

4. Comparison between Edwards andThouless and Liaw

Both the statisticalmethod of Edwards andThouless (section 2) and the spectralmethod developed by Liaw
(section 3) approachAnderson localization using the formof theHamiltonian given by equation (3).
Furthermore, bothmodels assume that the energies of the sites in the crystal are distributed uniformly in the

interval -( )W W, .1

2

1

2
What appears to be different is the delocalization criterion and themethod of

mathematical calculation.However, the logic behind the two approaches is similar.
As noted, Edwards andThouless examine the ratio of the energy shiftDE to the energy spacingW N and

argue that localization occurs if the ratio goes to zero as the size of the system increases. This is a very logical
definition of localization since the ratio in question can be viewed as the ratio between the energy bandwidth and
the band gapwidth in amaterial. Naturally, if the band gap ismuch larger than the energy bandwidth (i.e.,
D ( )E W N 0), the electrons in thematerial cannot easily achieve transport. On the contrary, as the band
gap tends to zero, separate energy bandsmerge and the electrons can freely transport through the crystal. This is
illustrated infigure 1.

In comparison, Liaw shows that if theHamiltonian of the system exhibits a continuous (or partially
continuous) spectrum, then there is delocalization. In essence, this definition of transport parallels themerger of
energy bands in the Edwards andThoulessmodel.

Edwards andThouless’model predicts localizationwhenever the band gap ismuch larger than the energy
bandwidth. Therefore, in this approximation, each energy bandmay be considered to be a discrete energy
eigenvalue4.Mathematically, this corresponds to a pure point spectrumof theHamiltonian (i.e., only discrete

4
It is known that even if the energy bands are small, they can still have internal structure. However, Edwards andThouless’model cannot

distinguish structure inside the bands and for the purpose of their simulation each band behaved as a discrete energy value.

5
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eigenvalues). In the case of a pure point spectrum, the randomnature of the system ensures non-degeneracy of
the eigenvalues with probability one. For example, even if two eigenvalues are equal for one realization of the
randomvariables, the effect of slightly changing just one of these randomvariables will split them into distinct
eigenvalues. In such a system, by theKolmogorov zero-one law, all eigenvalues are distinct.We know from
quantummechanics that in the absence of degeneracy in the eigenvalues of theHamiltonian, if ameasured value
of the energy of a quantum system is determined, the corresponding state of the system is assumed to be known,
since only one eigenstate corresponds to each energy eigenvalue. Clearly, this case corresponds to localization.

On the other hand, Liaw’s delocalization corresponds to a continuous part of the spectrum. The existence of
an absolutely continuous spectrum shows a strong formof delocalization, the so-called dynamical
delocalization [12]. In the presence of an absolutely continuous spectrum, the energy bands already overlap by a
non-trivial amount, which indicates some degeneracy. In this case the effect of slightly changing the random
variables induces a ‘wiggling’ of the band edges, but does not change the overlapping property. In this sense,
degeneracy (i.e. overlap) of the absolutely continuous spectrum is somewhatmore stable than is the pure point
spectrum case. In quantummechanics an increasing degeneracy of the energy states indicates a decreasing
probability offinding the particle at a specific state. This allows us to intuitively understand the relation between
delocalization and degeneracy of theHamiltonian under question.

Therefore, Liaw starts with the classical Anderson localization problem formulation and implements well
established ideas into a rigorous newmathematical approach. The above comparison shows that the spectral
approach has a logical physical interpretation and is suitable for analysis of infinite-dimensional physical
systems.

So farwe have emphasized that theHamiltonian operator H in bothmethods has essentially the same form
(Anderson-typeHamiltonian). However, Edwards andThouless use an unboundedHamiltonian, which requires
the application of boundary conditions to thewavefunction, whereas the spectral approach starts with a
bounded H ,which can be applied to the Schrӧdinger equationwithout the assumption of boundary conditions.
Thus, an important distinction between the two treatments is in the domain of the applied operator.

The standard formulation of quantummechanics and quantum field theory uses unbounded operators,
which are not defined on the entireHilbert space. Such operators are restricted only to dense subspaces.
Although this approach is successful in solving simple problems in quantummechanics, it causes
incompleteness of the theory. For instance, although the dynamics of quantum systems requires the use of
strictly self-adjoint operators, the densely defined unbounded operators often used in introductory texts are
Hermitian but not necessarily self-adjoint. In addition, important physical properties of the self-adjoint
operators are sensitive to the choice of the domain. Thus, restriction of the domain to only dense subspaces of
theHilbert space, can cause loss of information about the physical properties of the system [30].

The algebras of bounded operators has been shown to form an equivalent treatment of quantummechanics
[31] and quantumfield theory [32]. Herewe avoid the (rather unphysical) application of boundary conditions
using anAnderson-type boundedHamiltonian operator, which is defined on the entireHilbert space. Thus, the
proposed spectral approach can account forwavefunction solutions that are omitted by scaling theory due to the
restricted domain of the unboundedHamiltonian used there.

Figure 1.As the band gap decreases, the energy bands eventuallymerge.

6
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5.Numerical work

In section 3, we showed that the existence of i such that a vector d Î G( )li
2 is noncyclic for a given H implies

transport5. To accomplish this numerically, we start with the general formof the perturbedHamiltonian
(equation (3)), wherewe fix the dimension d and the LaplacianD = -ZV,where Z is determined by the
geometry of the lattice andV is taken to be unity. Then for a given value of the disorderW we generate one
realization of the randomvariables  ,i which are i.i.d. in the interval -[ ]W W2, 2 .Nextwefix a random
vector, d ,0 in the d-dimensional space and generate the sequence d d d d¼{ }H H H, , , ,n

0 0
2

0 0 where
Î ¼{ }n 0, 1, 2, corresponds to the number of iterations of theHamiltonian and is used as a timestep. The

Gram–Schmidt orthogonalization process (without normalization) is then applied to themembers of the
sequence and the resulting subspace is denoted by ¼{ }m m m m, , , , .n0 1 2 If we let ⋅ 2 denote the Euclidean
norm, then the distance from d0 to the n dimensional orthogonal subspace is given by

 å
d

= -
á ñ

=  
( )D

m

m
1

,
. 16W

n

k

n
k

k
,

0

0
2

2
2

It can be shown [13] that if

 >
¥

( )Dlim 0, 17
n

W
n
,

then d0 is noncyclic for H andwe can conclude the existence of transport. It is important tomention that
D 0 does not necessarily imply localization; however, it is reasonable to expect that it indicates the lack of

extended states. (HereD has no physicalmeaning. Calculating its value is amathematical technique used to test
for cyclicity6.)

Once the values of D at each timestep are generated for one realization of the random variables i (for a given
)W ,we repeat the same process several times. Then the discrete time evolution of the averaged D values is be

plotted. (In sections 5.1 and 5.2wewill report results using 15 realizations for each  W0.1 5 in 3D, 4
realizations for each >W 5 in 3D, and 4 realizations for eachW in 2D.) In our graphs the number of iterations
of theHamiltonian is represented by a discrete timestep Î ¼{ }n 0,1,2, (i.e., one iteration corresponds to the
interaction of the original state with the nearest neighbors, the second iteration corresponds to the interaction of
the new state with the nearest neighbors, etc). In this sense, to prove delocalization, it suffices tofind >W 0 for
which

 ¹
¥

( )Dlim 0. 18
n

W
n
,

However, in a physical experiment, it will be sufficient to show that as time goes on, the distance does not
decrease to zero rapidly enough to affect the results7.

It is important to emphasize that the spectralmethod can be applied to infinite disordered systems of any
dimension.Nevertheless, similar to Edwards andThouless’s work, herewe report the results from applying the
method to a 2D square lattice and a 3Ddiamond lattice.We used the rawdata from the 2D and 3Dnumerical
simulations conducted by Liaw et al [13, 30] to obtain discrete time evolution plots of the distance D for various
values of the disorderW (sections 5.1 and 5.2).We also employed equationfitting to extract critical exponents
for each plot, whichwere then used to set a criterion for delocalization (section 5.3). In the following sections we
assumeweak disorder for <W 1,mediumdisorder for  W1 5, and strong disorder for >W 5. (Similar
definitions can be found in [31, 32].)

5.1. Results in 2D
Herewe examine 2D simulations with small values of the disorder. Infigure 2we show time evolution distance
plots (figure 2(a)) alongwith corresponding log-log plots (figure 2(b)) for values of disorder

= ¼W 0.1, 0.2, , 1.2 and timestep =n 4500.As can be seen from the graphs, the distance parameter does not
rapidly tend to zero for W 0.6, implying the existence of extended states. For < <W0.6 0.9, the slope of the
lines increases slightly and it is less obvious whether D will cross the zero axis at infinity. It is interesting to note
that this intervalmay correspond to the transition area discussed by Touless [20]. As the disorder increases to

W 0.9, the slopes of the lines become even greater, suggesting that transition to localization has probably
occurred. These trends can also be seen in the log–log plots (figure 2(b)), where the large slope of the lines for

W 0.6 implies faster decay of the distance vector towards zero.

5
In accordancewith [13], in order to determine if delocalization occurs for a given realization of disorder in a system, it is sufficient to

choose one vector and then test for cyclicity.
6
Aderivation of equation (16) and a proof of the relationship between the D value and cyclicity in operator theory can be found in [13, 30].

7
Similarly, physicists employing the classical dynamical approach define localization as an exponential decay, i.e. a decay that occurs rapidly

enough to be observable in an experiment [18].
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Infigure 2we can also observe a gap between the limiting values of D as the disorder increases from =W 0.3
to =W 0.4, from =W 0.6 to =W 0.7, and from =W 0.8 to =W 0.9,whichmay imply some type of splitting
in the allowed energy states of the system. This phenomenonwill be examined in detail in a future paper.

5.2. Results in 3D
In order to test the validity of the spectralmodel for the less controversial 3D case, we produced 3D simulations
over awide variety ofW values to see if our results are in agreement with Edwards andThouless’smodel. This
time, however, we used =n 500 due to data requirement restrictions. Figure 3 shows distance time evolution
plots and log–log plots for three sets of disorder: weak,medium, and strong, where the perturbation ranges from

=W 0.1 to =W 40. For small andmediumdisorder (figures 3(a) through (d)) the distance clearly tends to
nonzero values and the corresponding log–log plots have constant slopes, implying no significant decrease of D
over time. In the case of large disorder, figures 3(e) and (f) show that for W 10 the distance lines approach the
horizontal axismore rapidly and the slopes of the corresponding log-log plots become increasingly negative. In
this case themodel cannot give conclusive results, which suggests that a transition to localization has occurred.
The graphs also indicate that the transition point distinguishing extended from localized states occurs in the
interval < <W5 15.The existence of such a transition point and the interval of disorder values where it should
occur are in agreementwith Edward andThouless’s numerical simulations (see section 2.2).

5.3. Equationfitting
Todetermine if the obtained D values approach afinite positive number at infinity, implying the existence of
extended states, we calculated the parameters necessary tofit the data using the equation

= +a- ( )y mx b, 19

where a (the critical exponent) indicates how fast the distance term tends to a finite value and b (the
- )y intercept corresponds to the limiting value of D as  ¥n .
To test the goodness of thefit and provide a better visual representation, we rescaled the -x axis by = a-X x

and performed a polynomialfitting to the linear equation = +y mX b.Weomitted thefirst 200 points for 2D
and thefirst 120 points for 3D in order to avoid skewed results due to the rapid change of D in these initial
intervals. Then for both 2D and 3Dwe generated fits for a = 0.01:0.01:2 and analyzed the error. The value of a
that gave the smallest normof the residuals was then used to select the bestfit for each disorderW and extract
the corresponding m and b values (see table 1 through 5).

Based on linear regression analysis, we defined two further requirements necessary for establishing the
existence of extended states:

(i) a 0.1and

(ii) err 0.001.

If a < 0.1, the rescaled graphs exhibit an increasing number of concave regions and the linefitmay result in
overestimating the limiting distance value. The appearance of these concave regions indicates that equation (19)
is not an accurate representation of the data and that themethod cannot establish a nonzero D at infinity.

Another criterionwe used to establish the existence of extended states is the amount of error in the linear fits.
If the normof the residuals is bigger than 0.001,wedonot expect that the rescaled plot under study can be

Figure 2. (a)Time evolution plot of D for the 2Dweak disorder case. (b)Corresponding log–log plot.
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approximated by a line. Therefore, for >err 0.001we believe that the originalfit is not best described by
equation (19) and the distance does not necessarily approach afinite nonnegative value at infinity. Figures 4(a)
and 5(a) show examples of ‘good’ linearfits for 2D and 3D respectively, whereasfigures 4(b) and 5(b) show
examples of linearfits that fail at least one of the requirements.

Applying this analysis to the data in tables 1 through 5 indicates that delocalization occurs in 2D for W 0.6
and in 3D for W 5. In the 2D case, tables 1 and 2 show that for W 0.7, the critical exponent is smaller than
the acceptedminimumand for W 0.8 both theminimumand the error criteria are violated. In the 3D case
with strong disorder, table 5 shows that delocalization does not occur for W 10.Although some of the
calculated exponents in this case are above the requiredminimum, the error in the calculation is significant. The
values of a and err that violate the delocalization criteria are bolded in all tables.

Figure 3.Time evolution plot of D for a 3D casewith: (a)weak disorder, (c)mediumdisorder, and (e) strong disorder. Graphs (b), (d),
and (f) show the corresponding log–log plots.

Table 1.Values of a, m, and D with the corresponding error for 2Dweak disorder.

W 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a 0.15 0.16 0.18 0.12 0.12 0.12 0.09 0.07 0.07

m 0.0011 0.0036 0.0070 0.0111 0.0163 0.0234 0.0327 0.0479 0.0651

b 0.8862 0.8848 0.8830 0.8773 0.8743 0.8704 0.8593 0.8461 0.8315

err 0.0001 0.0002 0.0002 0.0004 0.0006 0.001 0.001 0.002 0.005
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6. Conclusion and application tomaterial science

Amathematical formulation of the spectral approach to delocalizationwas introduced alongwith a physical
interpretation in the context of the classicalmodel of Edward andThouless.We believe this newmethod is an

Figure 4.Best linearfit of (a) 2D, =W 0.5, a = 0.12 and (b) 2D, =W 0.9, a = 0.07.The linear fit becomes less accurate as the value
of the disorder increases.

Figure 5.Best linearfit of (a) 3D, =W 4, a = 0.67 and (b) 3D, =W 20, a = 0.3.The linear fit becomes less accurate as the value of
the disorder increases. Notice that the y-scale in (a) isfiner than in (b).

Table 2.Values of a, m, and D with the corresponding
error for 2Dmediumdisorder.

W 1 1.1 1.2 1.3

a 0.05 0.05 0.01 0.01
m 0.0875 0.1031 0.4536 0.5417

b 0.8078 0.7913 0.4343 0.3559

err 0.002 0.002 0.003 0.004

Table 3.Values of a, m, and D with the corresponding error for 3Dweak disorder.

W 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a 1.75 1.35 1.21 1.10 1.02 1.00 1.05 1.08 1.41

m 0.0207 0.0048 0.0037 0.0033 0.0032 0.0039 0.0065 0.0096 0.060

b 0.9587 0.9586 0.9586 0.9586 0.9585 0.9582 0.9581 0.9579 0.9581

err 4.28e-07 7.55e-07 1.08e-06 1.29e-06 1.49e-06 2.63e-06 3.78e-06 5.33e-06 7.30e-06
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important contribution to localization theory because it can be applied to infinite systems of any dimension
without the use of periodic boundary conditions or scaling. Initial numerical simulations indicate that
delocalization, characterized by extended states, will occur for W 0.6 in 2D and for W 5 for 3D systems.
These results were determined form linear regression analysis of polynomialfitting to the time evolution of the
distance parameter. The acceptable amount of error in our analysis is err 0.001, where err is the normof the
residuals.

Identifying precise values of the disorder at the transition points in both 2D and 3D cases is beyond the scope
of this paper. However, the spectralmethod and the analysis presented here can be used to define the point
where pure extended states cease to exist, whereas the dynamical approach can identify the point where
transition to pure localization occurs. In this sense, bothmethods can be applied to the same system to study the
transition interval, where, asmentioned above, the possible solutions in this interval are neither localized nor
extended. The connection between the transition states andwave-particle dualitymakes the transition region an
interesting subject for bothmathematicians and theoretical physicists.

The spectralmethod can also be employed inmaterial sciencewhere accurate results in 1D and 2D
disordered systems are crucial for the study of quasi-1D graphene nanotubes and graphene sheets. Currently,
both localization and transport have been shown to exist in graphene-basedmaterials for weak disorder [33–36].
The transition from localized to extended states is still highly debated on theoretical grounds and there is
disagreement on the value of theminimal conductivity [32]. Additionally, the localization lengths in graphene
have been shown to be independent of size of the system for various strengths of the disorder [31], which is in
contrast to scaling theory [18]. Detailed numerical and experimental study employing the spectral approach can
greatly contribute to such problems allowingmore accurate predictions for the behavior of graphene-based
materials.
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