Theory of Functions of Real Variables
Qualifying Exam Summer 2008

Name:

1. In the space provided, write careful definitions for the following:

(a) Let X be a nonempty set. A o-algebra on X is:

(b) Let X be a set equipped with a o-algebra M. A measure on M is a function u: M — [0,00]
satisfying:

(¢) An outer measure on a nonempty set X is a function u* : P(X) — [0, oo| satisfying:
(d) If p* is an outer measure on X, a set A C X is called p*-measurable if:

(e) If A C P(X) is an algebra, a function y : A — [0, 00| is a premeasure if:

(f) If (X, M) and (Y, N) are measurable spaces, a mapping f : X — Y is measurable if:
(g) Let (X, M, ) be a measure space and f € LT, then [ fdp is defined as:

(h) A signed measure on (X, M) is a function v : M — [~o00, oc| such that:

(i) We say two signed measures p and v on (X, M) are mutually singular, pn L v, if:

(i) If v is a signed measure and p is a positive measure on (X, M ), we say that v is absolutely
continuous with respect to p, v < p, if:

(k) A nonempty set X is a Banach space if:
(1) T € L(X,)Y), the operator norm, ||T|, is defined by:
(m) A nonempty space H is a Hilbert space if:

(n) If f is a measurable function on X and 0 < p < oo, I £1l,, is:




(o) If f is a measurable function on X, [|f||_, is

(p) The Schwartz space S is:

(q) For measurable functions f and g on R™, the convolution (f = g) (z) is:

(r) If f € L%(T™) and & € Z™, the Fourier transform )?(fc) is:

(s) If f € L'(R™) and £ € R", the Fourier transform f(¢) is:

(t) If f € L2(R™), the Fourier transform f is defined by:

(u) We say F € D'(U), a distribution on U, if:

(v) If F € D'(U), 8°F is defined by:




2. Brief Essay: If F: R — R is any increasing, right continuous function, outline the procedure for the
construction of a Borel measure pp on R satisfying

pr((a; b)) = F(b) - F(a)

for all a,b, (the completion, also called y, is called the Lebesgue-Stieltjes measure associated to F).







